
Deriving the Heat Kernel in 1 Dimension

Ophir Gottlieb

3/20/2007

1 Set Up - Shifting the Data

The general heat equation without a heat source is written as:

ut(x, t) = k∆u(x, t) (1)

Further, denoting the heat kernel G(x,t) we take the conditions:

Gt = k∆G (2)

G(x, 0) = δ(x) (3)

Where δ(x) has the following properties:

∫ ∞

−∞
δ(x)dx = 1 (4)

δ(x) = 0, x 6= 0 (5)

δ(αx) =
1
α

δ(x) (6)

∫ ∞

−∞
δ(x)f(x)dx = f(0) (7)

Our goal is to find the Kernel G(x,t). We now write:

H(x, t) = αG(βx, γt) (8)

With α, β, and γ to be determined. Now let’s try to select the appropriate relationship between
α, β γ so that H and G satisfy the same equations. We have from equation (3) and (6) that:
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H(x, 0) = αG(βx, 0) = αδ(βx) =
α

β
δ(x) (9)

Therefore if α = β then H(x,0) = G(x,0) = δ(x). We now want H(x,t) to satisfy equation (2).

Ht = αγGt (10)

Hxx = αβ2Gxx (11)

Since we want H(x,t) to also satisfy equation (2) we have:

αγGt = αβ2Gxx (12)

And therefore γ = β2. This together gives us that if α = β and γ = β2, then H(x,t) and G(x,t)
both satisfy the conditions for the heat kernel, and therefore by uniqueness of the heat kernel
H(x,t) ≡ G(x,t). We have successfully found the requirements to correctly shift the data and
can write:

G(x, t) = α(Gβx, γt) (13)

2 Solving for the Heat Kernel

Now we choose a clever value for γ and get:

γ =
1
t

(14)

α = β =
1√
t

(15)

Now we write:

G(x, t) =
1√
t
G(

x√
t
, 1) =

1√
t
Q(ε) (16)

ε =
x√
t

(17)

We can now derive an ODE for Q(ε) using equation (2):

Gt = −1
2
t−

3
2 Q − 1

2
t−

3
2 (t−

1
2 x)Q′ (18)
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= −1
2
t−

3
2 Q− 1

2
t−

3
2 εQ′ (19)

Gt = −1
2
t−

3
2 (Q + εQ′) (20)

Gxx = t−
3
2 Q′′ (21)

By equation (2) we get:

−1
2
t−

3
2 (Q + εQ′) = kt−

3
2 Q′′ (22)

Q + εQ′ + 2kQ′′ = 0 (23)

(εQ)′ + 2kQ′′ = 0 (24)

Integrating we get:

εQ + 2kQ′ = c (25)

Now we note that we expect G(∞, t) = 0 ∀t. Consequently we expect Q′ = 0 as x → ∞.
Therefore c = 0. We then have the ODE:

εQ + 2kQ′ = 0 (26)

2kQ′ = −εQ (27)

Q′ = −εQ

2k
(28)

Q′

Q
= − ε

2k
(29)

Integrating and simplifying we get:

lnQ = − ε2

4k
+ C (30)

Q(ε) = Ce−
ε2

4k (31)

Substituting equation (16) for Q(ε) and equation (17) for ε we get:

3



G(x, t) =
1√
t
Ce−

x2

4kt (32)

We know G(x,0) = δ(x) therefore:

∫ ∞

−∞
G(x, 0)dx = 1 (33)

and
d

dt

∫ ∞

−∞
G(x, t)dx = k

∫ ∞

−∞
Gxxdx = 0 by the conservation of energy (34)

therefore

∫ ∞

−∞
G(x, t)dx = 1 (35)

=
∫ ∞

−∞

1√
t
Ce−

x2

4kt dx (36)

=
√

4kC

∫ ∞

−∞
e−x2

dx (37)

=
√

4kC
√

π = 1 (38)

⇒ C =
1√
4kπ

(39)

And finally:

G(x, t) =
1√

4ktπ
e
−x2

4kt (40)
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